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Characterizing Simplicial Commutative Algebras 
with Vanishing Andre-Quillen Homology 

James M. Turner 

Abstract. The use of homological and homotopical devices, such as Tor and Andrc- 
QuiUen homology, have found substantial use in characterizing commutative algebras. 
The primary category setting has been differentially graded algebras and modules, but 
recently simplicial categories have also proved to be useful settings. In this paper, 
we take this point of view up a notch by extending some recent uses of homological 
algebra in characterizing Noetherian commutative algebras to characterizing simplicial 
commutative algebras having finite Noetherian homotopy through the use of simplicial 
homotopy theory. These characterizations involve extending the notions of locally com- 
plete intersections and locally Gorenstein algebras to the simplicial homotopy setting. 



Overview 

Following a program set forth by Grothendieck (see [E]), a major research effort has 
been underway to characterize ring homomorphisms / : i? — *■ S* of Noetherian rings. 
Use of homological devices have been pivotal to making such characterizations. For 
example, in \17 \ D. Quillen, in the process of developing a homology of commutative 
algebras, conjectured that the higner vanishing of this homology of 5* over R, in the case 
/ is essentially of finite type and of finite fiat dimension, charactertizes / as a locally 
complete intersection homomorphism. Motivated by this conjecture, L. Avramov [3] 
defined locally complete intersection homomorphisms more generally and established 
their properties, including providing a proof of Quillen's conjecture by a tour de force 
use of differentially graded and simplicial techniques. This fit into a larger program 
of Avramov with various collaborators to fulfill Grothendieck's program for rings and 
their homomorphisms. See, for example, [H [S]. In particular, characterizations of 
homomorphisms to be locally regular, complete intersection, Grothendieck, and Cohen- 
Macaulay were achieved. 
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Also motivated by Quillen's conjecture and a perspective of commutative algebra 
from a strictly simplicial viewpoint (see, for example, |12|, I14j ). a version of Quillen's 
conjecture was formulated and proved for simplicial commutative algebras with finite 
Noetherian homotopy [il9| i20ij . relying on techniques developed by analogy from the 
homotopy of spaces for the hootopy of simplicial commutative algebras. In the process, 
the notion of homotopy complete intersection was formulated and shown to be charac- 
terized by the vanishing of higher Andre-Quillen homology. The drawback was that the 
extension was valid only when the ttq has non-zero characteristic. Since such restrictions 
is not needed in the constant simplicial the main result of [31 clearly implies, 

then there is a gap in a full characterization of locally complete intersections through 
purely simplicial techniques. 

The aim of this paper is twofold. The first is to begin to describe a program which 
extends the notions of complete intersection, Gorenstein, and Cohen-Macaulay to simpli- 
cial commutative algebras having Noetherian homotopy. This will involve summarizing 
the results of |19|, I20j and extending some of the notions in [H In particular, we 
will define the notions of homotopy Gorenstein and homotopy Cohen-Macaulay algebras. 
The second aim of this paper will be to characterize, using these notions, simplicial 
algebras with finite Noetherian homotopy, finite flat dimensional homotopy, and finite 
Andre-Quillen homology free of conditions on the characteristic of ttq. Specifically, we 
will prove the following (see §2 for definitions): 

Homology Characterization Theorem. Let A be a simplicial commutative R-algebra 
(R Noetherian) having finite Noetherian homotopy and fd/j(7r^. A) < oo. If Ds{A\R; — ) = 
for s ^ 0, as a functor of iiQA-modules, then: 

(a) A is locally homotopy Gorenstein; 

(b) //char(7roA) ^ then A is a locally homotopy complete intersection; 

(c) // A is locally regularly 2-degenerate then R A is a locally complete inter- 
section homomorphism; that is, for each p G Spec(7roA) there is a factorization 

such that ker(?7') is generated by a regular sequence. 

This paper is organized as folowed: §1 reviews the simplicial model structure for sim- 
plicial commutative algebras, as well as the tensor, hom, and differential structures and 
their derived functors. We also review relationships between certain simplicial categories 
and differentially graded categories. §2 reviews the definition of homotopy complete 
intersections and introduces the notions of homotopy Gorenstein and homotopy Cohen- 
Macaulay algebras. We end with a proof of the Homology Characterization Theorem. 

Acknowledgements: The author would like to thank Lucho Avramov for several dis- 
cussions over the years which greatly assisted him in the development of this paper's 
content and for giving him access to . He would also like to thank Brooke Shipley for 
alerting him to the paper |18j . 
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1. Homotopy theory of simplicial commutative algebras and simplicial 

modules 

1.1. Simplicial model category structures. Fix a commutative ring R with unit 
and let A denote the category of commutative i?-algebras with unit. \i B E A, let Ab 
denote the subcategory of objects (A, e) with e : A — i? an i?-algebra map. Given 
any category C, we let sC denote the category of simplicial objects over C. Finally, for 
A G sA, let M.A denote the category of simplicial A- modules. 

Let f : A ^ B he a, map in sA. Recall from |15j that / is defined to be a: 

(1) weak equivalence provided / is a weak equivalence of simplicial groups; 

(2) fibration provided / is a fibration of simplicial groups; 

(3) cofibration if and only if / is a retract of an almost free map, i.e. a map 
f : A' ^ B' such that /' makes B' free as an almost simplicial A'-algebra (that 
is, without cIq). 

By |15[ §11.3], this structure makes sAs a closed model category for any fixed S G sA. 
Fixing A G sA, let f : K ^ L he a map in A4a- Following |15|, I18j. we will say that 
/ is defined to be a: 

(1) weak equivalence provided Nf is a weak equivalence of chain complexes; 

(2) fibration provided Nf is a level-wise surjection in positive degrees; 

(3) cofibration if and only if Nf is a level-wise monomorphism whose cokernel in 
each degree k >0 is a projective iV^A-module. 

Here : AiA Modj^A is the normalized chain functor. By ^15^ §11.3], this 
structure makes M.a into a closed model category. Furthermore, part of the main 
theorem of |18j states 

Schwede-Shipley Theorem: The Dold-Kan correspondence 

N -.Ma^ Mod+^ : K 
is a Quillen equivalence of symmetric monoidal closed model categories. 

1.2. Tensor and Tor-modules. For A G sA, level-wise tensor product gives a 
functor 

(g)A ■■ Ma X Ma Ma- 
In turn, this tensor product induces the derived tensor product 

®^ : }1o{Ma) X }1o{Ma) ^o{Ma) 
on the homotopy category, which is defined by 

K ®\ L := X ®A y, 

where X and Y are cofibrant replacements for K and L in Ma, respectively. 

Note also that <S)a induces a functor on sA which descends to a functor ®^ on sAb, 
for any fixed B. 

Next, define the Tor-modules for K,L E Ma to he 

To4{K,L):=Tis{K®\L), s > 0. 
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For each such s, Tor^ is a TToA-module. 

A key method for computing Tor^ is the following device found in |15[ II. 6]. 

Kunneth Spectral Sequence: For K,L & M.A, there is a first quadrant spectral 
sequence 

= ToT:*^{7c,K,n,L) =^ Torf {K,L). 



1.3. Ext-modules. As noted above, in '18' it is shown that the normalization 
functor induces a functor N : A4a ^ Mod^^j^ which is an equivalence of categories. 
We will therefore use to define the Ext-modules for K,L & -Ma- First, if T is a 
(commutative) DG ring and U, V are DG T-modules, let 

Ext^(f/,y) := /f_,(Homr(P„/,)) 

where P^, — f/ is a DG projective replacement and V — J^, is a DG injective replacement 
for NL in NA — Mod. Here the Horn-complex is defined as in §1]. We then define, 
for K,L e Ma, 

Ext^(ir, L) := Ext% a{NK, NL). 
A basic property of Ext is then given by: 

Lemma 1.1. [9, (1.8)] If A ^ B is a weak equivalence of simplicial algebras aug- 
mented over a field £, then 

Ext^(£,A) ^ Ext^(£,P). 

Now assume that £ is a field of characteristic 0. Let denote the category of 
commutative -^-algebras over i, henceforth refered to as rational i-algebras. Let and 
chjjki denote the category of connected simplicial rational ^-algebras and the category 
of connected differentially graded rational ^-algebras, respectively. 

Quillen's Theorem. |161 p. 223] Normalization induces a functor N : s+3fj£ c/i+3f?^ 
which is an equivalence of closed model categories. 

Our aim now is to prove the following variation of [U", (4.1)]. 

Proposition 1.2. Let ip : i[x] T be a map of augmented DG rings over I from a 
free commutative graded i-algebra on one generator x, \x\ = n > 0, and let M be a DG 
i[x]-module. Assume furthermore that 

(1) Hq{T) is Noetherian and each Hi{T) is a finitely generated HQ{T)-module for 
i e Z; 

(2) H{M) is bounded above. 

Letting E{iIj) := T (8>^j^j i, there is an isomorphism of graded i-modules 

Ext^(£, M®^,[,] T) = Ext,%](£, M) ®, Ext:^(^)(£, F(^)). 
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Proof. By inspection of the statement of P| 4.1], the key difference involves replacing 
an augmented DG ring R, for which H^[R) = Hq{R) is Noetherian, with N{Se{n)). In 
their proof of (4.1), the condition on R insures that: 

(1) There is a factorization 

R^X 

with X a free i?-algebra such that X ^ X' with X' finite type over R with 
bounded below generators. 

(2) There is a DG injective i?-resolution M ^ I with / bounded above. 
(1) and (2) insures that ^ (1-10)] can be applied to establish J3| (4.9)]. 

To show (1) in our context, let i[x, y] be the free DG ^-algebra such that \y\ = n + 1 
and dy = x. Then there is a factorization 

i[x] ^i[x,y] 

with the required properties. Finally, (2) can be found in 7, (9.3.2.1)]. □ 

Let Si{n) be the free commutative ^-algebra generated by the Eilenberg-MacLane 
object K{i,n). Let A e s^e and let : Se{n) ^ A he a map in s^g. determines a 
cofibration sequence in Ho(s3?^) 

Si{n) A-* 

where J^^ := A £. 

Corollary 1.3. If A & with n^A a finite graded i-module, then 

Ext\ii,A) = Ext^^(„)(£,^,(^)) ®.Ext>^(£,^<^). 

Proof. Note first that N{Se{n)) ~ i[x] with \x\ = n. Since the result follows immediately 
from Proposition 11.21 for n odd {i[x] is exterior on x), we assume that n is even. Using 
Quillen's Theorem, let L{k) G s^c satisfy NL{k) ~ i[x]/{x''). Thus, by Proposition 11.21 

Ext*^ii, L{k) ®^s,in) A) - Ext*^(„)(£, L{k)) ®, Ext>^(^, ^^). 

(Note that the Schwede-Shipley Theorem implies that NJ^^ ~ F{N{(j))).) 

Now NSe{n) NL{k) is equivalent to a map that is an isomomorphism in degrees 
< nk. By a Kunneth spectral sequence argument, since n^A is bounded the map A — > 
L{k) ®^Se{n) A induces a 7r^,-injection which is a 7r=i,-isomorphism through degree nk, for 
A; ^ 0. In particular, as vr^A-modules: 

Torf^(")(^(^)>^) = 7r*A X S^'^+V.A. 
Thus the map A limfc(L(A;) ^^Se{n) A) is a weak equivalence, whose normalization is 
equivalent to an isomorphism. Furthermore, using Quillen's Theorem and the Schwede- 
Shipley Theorem, the induced map NA {i[x]/{x^)) ®^e[x] NA can be shown to be 
equivalent to a split injection, for A; ^ 0, as A^A-modules. Thus the result now follows 
from an argument using Lemma fl.ll and the Milnor sequence \21\ §3.5]. □ 

Note: Corollarv 11.31 holds over fields i of arbitrary characteristic when n = 1. 
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1.4. Differentials and Andre-Quillen homology. Let A be a commutative ring 
and B a commutative A-algebra. If M is a -B-module, recall that an A-module map 
/ : i? — i> M is a derivation provided f{xy) = xf{y) + yf{x). Let Der^(B,M) be the 
A-module of derivations. The functor M i— Der^(i?,M) is representable: there is a 
canonically defined 5-module flB\A, called the differentials of B over A, such that there 
is a natural isomorphism: 

Der a{B,M) = HomB((]B|A, M). 

From the differentials, the cotangent complex of a simplicial commutative i?-algebra 
A is defined by 

C{A\R) :=n^|R®^ A, 

where X ^ A is a. cofibrant replacement of A in Ho(s^). The Andre-Quillen homology 
of A over R with coefficients in the A-module M is then defined to be 

D,{A\R; M) := 7C,{C{A\R) ®a M). 

We now recall two important properties of Andre-Quillen homology: 

(1) (Transitivity Sequence) Given maps A ^ B ^ C in sA and a C-module M, 
there is a long exact sequence: 

. . . ^ Ds+iiC\B; M) ^ D,{B\A- M) Ds{C\A; M) -^^ D,{C\B- M) ^ . . . ; 

(2) (Flat Base Change) For A,B e sA and M an A 5-module 

D,{A ®^rB\B- M) = D,{A\R- M). 

A further useful relationship between homotopy and Andre-Quillen homology is given 
by the following: 

Hurewicz Theorem: For a connected simplicial R-algebra A over a field i, there is a 
homomorphism 

K ■■ Toif {A, i) D,{A\R-i) 
for which is an isomorphism in degrees < n provided A is (n-1)- connected. 

Let e : A — > £ be a commutative algebra over a field. Let / = ker(e). Define the 
indecomposables of A to be the ^-module QA := I /P. A well known result |12|. I14j for 
A a supplemented £- algebra is 

®A^ = QA. 

We thus define the Andre-Quillen homology of a simplicial supplemented ^-algebra A by 

H'^{A) := TT.gX, 

where X ^ A is a. cofibrant resolution of A as simplicial supplemented algebras. Thus 
we have 

i7«(A) = D,(A|£;£). 

We now return to inspecting maps (f) : Si{n) — > A of simplicial supplemented £- 
algebra. Our aim is to prove 
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Proposition 1.4. Let cj) : Si{n) —>■ A be a map of (n-1)- connected simplicial sup- 
plemented i-algebras such that H^{(f)) is an injection. //7r^,y4 is a finite graded i-module 
and iT^:{J-'(f)) is unbounded then H^A is unbounded. 

(Recall that a positively graded module M is unbounded provided Mt 7^ for infinitely 
many t.) 

To prove this proposition, we adapt the proof of |10t (4.2)]. Assume char£ = 0. 
Recall for a commutative DG ^-algebra T that a minimal model for T is a free DG- 
algebra (^[AT], d) such that dX C J^, where I is the augmentation ideal of i[X], together 
with a weak equivalence i[X] ^ T. For existence and properties of minimal models, see 
Note that from Quillen's Theorem (see also [17, Thm. 9.5], if A is a simplicial 
supplemented ^-algebra and i[X] is a minimal model for NA, then 

H^{A) = QX. 

Proof of Proposition \1.4\ First, assume that char£ ^ 0. If vr.A and H^A are both 
finite graded ^-modules, then, by the Algebraic Serre Theorem |19j . A = ^jSe{l) in 
the homotopy category. Thus n = 1 and JF^ = ^^Se{l) with \ J\ = \I\ — 1. It follows 
that 7r*^0 is bounded. 

Now assume that char£ = 0. Let (£[X],9) be a minimal model for NA and let i[x] 
be a minimal model for N{S£{n)). By the assumption that H^{(f)) is injective, it follows 
that we may assume that x G X and that the map i[x] —>■ i[X] induced by the inclusion 
{x} C X is equivalent to N{(j)). It follows from Quillen's Theorem that if X = {x} [J Y, 
then i[Y] is a minimal model for NT^. Thus writing i[X] = i[x] ®i[Y], we can express, 
for u G i[Y], 

5(1 (g) m) = 1 (g) 9m + X (g) Ou. 

It follows that O : (£[F], 9) (^[^], d) is a derivation of degree -n-1. 

Let J be the augmentation ideal of i[Y]. Let O = Sj>iCj with Oi{J) C J'. Thus 
(9i : J ^ J is a derivation and, hence, induces 

Ci : J/J2 ^ J/J\ 

Claim: There exists an element u in the i-dual {J/J^)* such that {Ol)"'u 7^ for all 
n>0. 

It follows from this claim that H'^{J-'^) and, hence, H'^{A) are unbounded. 

To establish the claim, assume for each u G [J / J"^)* there is an n ^ 1 such that 
[OlYu = 0. Following the same argument as in |101 p. 181], this implies that, for each 
u G J*, (C*)"m = forn > 1. 

Now, consider the exact sequence 
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where / is the augmentation ideal of and t{w) = z ® w. Duahzing and applying 
cohomology, we obtain a long exact sequence 

. . . ^ w~\r) ^ H'+'\r) {H,+n{i)y ^ H\r) ^ ... 

An easy computation shows that 5 = H{0*). By our assumption on the finiteness of 
n^,A, Hi{I) = for i > N , N ^ 0. Thus 6 is injective for i > N. Since we are assuming 
7r*jF<^ is unbounded, this contradicts our local nilpotency condition on (O)*. Thus our 
claim is established. □ 

2. Characterizing Simplicial Commutative Algebras 

We focus on extending the characterizations of homomorphisms R S of Noetherian 
rings achieved in [SI [S] to simplicial commutative i?-algebras. To set in what direction 
this extension is to take, we view S* as a constant simplicial i?-algebra. To achieve a 
suitable type of extension, the notion of Noetherian needs to be spelled out for simplicial 
algebras. Such a notion was delineated and explored in |20j , motivated by an analogous 
for concept for DG rings described in [S], which we now describe. 

A simplicial commutative algebra A is said to have Noetherian homotopy provided 

(1) ttqA is a Noetherian ring; 

(2) each TCmA is a finite VToA-module. 

We furthermore say that A has finite Noetherian homotopy provided that (2) is replaced 
by 

(2)' 7r*A is a finite graded vroA-module. 

The key to characterizing simplicial commutative i?-algebras with Noetherian ho- 
motopy through homotopical/homological methods is to locally reduce to connected 
simplicial algebras over a field. Such objects yield more information under homological 
scrutinity. This approach was pioneered by L. Avramov ,3i through the notion of DG 
fibre and used with great effect in ^ ^ . To adopt this approach in the simplicial setting, 
the following extension of the main theorem of P| is needed 

Factorization Theorem. j20[ (2.8)] Suppose A is a simplicial commutative R-algebra 
with Noetherian homotopy, R a Noetherian ring, and p G Spec(7rov4). Then there is 
a simplicial commutative algebra A' with Noetherian homotopy, such that n^A = tt^A, 
and there exists a (complete local) Noetherian R' that fits into the following commutative 
diagram in B.o{sAk{p)) 

R ^ A 
(2.1) 0i 

R' X A' 

with the following properties: 

(1) is a flat map and its closed fibre R'/pR' is regular; 

(2) ip is a flat D^.{—\R; k{p))-isomomorphism; 

(3) rj' induces a surjection rj'^ : R' ^ vtoA'; 
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(4) fd/j(7r^.yl) finite implies i/iai fd^'(7r*A') is finite 

We will call a choice of diagram ()2.H1 a factorization for a simplicial i?-algebra A with 
Noetherian homotopy. Also, recall that, for an i?-module M, fdn M is the flat dimension 
of M. 

We now describe extensions of the notions of locally complete intersection, locally 
Gorenstein, and locally CM (i.e. Cohen-Macaulay) for homomorphisms of Noetherian 
rings, as described in |^ [SI [5] , to simplicial algebras with Noetherian homotopy. 

To begin, let A be a connected simplicial supplemented ^-algebra, i a field. We then 
declare that A is 

(1) a homotopy complete intersection provided there is a finite set / with A = 
(8),5,(1) inHoM); 

(2) homotopy CM provided there exists an n G Z such that Ext\{i,A) = for 
i ^ n; 

(3) homotopy Gorenstein provided A is homotopy CM and dim^ Ext^(£, A) = 1. 

To get a sense of how these notions fit together and apply to basic examples of 
simplicial supplemented algebras, we prove the following: 

Proposition 2.1. (a) S£{n) is a homotopy complete intersection when n = 1 
and homotopy Gorenstein in general when char£ = 0. 
(b) We have the string of implications 

homotopy complete intersection =^ homotopy Gorenstein =^ homotopy GM. 

Proof. To prove (a), we note that NSe{n) ~ i[x], a free commutative graded algebra, 
on one generator x with \x\ = n, and zero differential. Since i[x] is Gorenstein it is 
therefore homotopy Gorenstein (see |13| (18.1) & (21.3)]). The result now follows from 

m (1-8)]. 

To prove (b), it is clearly enough to prove that a homotopy complete intersection is 
homotopy Gorenstein. But for this, note that an inclusion : 5*^(1) ^ 'Sli^ii^) onto 
one factor has homotopy fibre JF^ = <S>j ^ii^) with \J\ = |/| — 1. The result now follows 
from an induction using (a) and Proposition 11.31 □ 

Consider now a simplicial commutative i?-algebra A over a field i such that the 
unit map R — > ttqA is surjective. We will then say that A is a homotopy complete 
intersection (resp. homotopy Gorenstein, homotopy GM) over I provided A®^ii^ is a 
homotopy complete intersection (resp. homotopy Gorenstein, homotopy CM). 

Finally, for a Noetherian ring R and a simplicial commutative i?-algebra A with Noe- 
therian homotopy, we say that A is a locally homotopy complete intersection (resp. locally 
homotopy Gorenstein, locally homotopy GM) provided that for each p G Spec(7roA) there 
is a factorization (|2.H) such that the simplicial i?'-algebra A' is a homotopy complete 
intersection (resp. homotopy Gorenstein, homotopy CM) over the residue field k{p). 

Now we proceed to proving our main result. Before we do so, we need a technical 
definition and result. First, given a simplicial i?-algebra A over a field £, with {R,m) 
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local Noetherian and rj : R ttqA a surjection, let Xi, . . . , x„ G m be a maximal regular 
sequence in ker(?7) which extends to a minimal generating set for ker(?7). We then say 
that A is regularly r-degenerate provided the Kunneth spectral sequence 

^ Torf/("i'-'"")(A,£) 

degenerates at the £^^-term. For a general simplicial commutative i?-algebra A with 
Noetherian homotopy, we declare that A is locally regularly r-degenerate if for each 
p G Spec(7roy4), there is a factorization such that the simplicial i?'-algebra A' is regularly 
r-degenerate over k{p). 

We will also need the following result. 

Lemma 2.2. For a simplicial R-algebra A over a field £, let x G ker(r7) he a non-zero 
divisor in R. Then the sequence 

R/{x) ^^Ri^ A^^rE^ A i 

is a cofibration sequence of simplicial supplemented i-algebras. 

Proof. It is enough to check that 

{A (E)^R i) ^'^(ij^L^/^^, i)i^A ®^^/(,) i 
but this is a straightforward computation. □ 

We now have reached the main goal of this paper. 

Proof of the Homology Characterization Theorem, (a) For p G Spec(7roA), choose a 
factorization ()2.H) of A. Under the hypotheses on A, if char k{p) ^ then A' ®^_r' £ is a 
homotopy complete intersection, by Theorem B of j20j . Thus it is homotopy Gorenstein 
by Proposition 12. II (h) . So assume that char k{p) = 0. 

Since X := A'^^Rii is connected, we may assume that X is (n-l)-connected for 
some n > 1. Let : Se{n) — >■ X be a map so that H^{(f)){x) is a basis member of 
H^{X) = Dn{A\R; k{p)) (by Flat Base Change and the Factorization Theorem). Here 
we write Hf{Si{n)) ^ i{x). 

Now, by Flat Base Change and the Transitivity Sequence, 

\HQ{X)/i{x) s = n. 

Also, from the finite flat dimension condition and the Kunneth spectral sequence, ir^X 
is a finite graded ^-module. It follows from Proposition 11.41 that vr^jF^ is a finite graded 
^-module. Thus, by an induction, using Proposition 12.11 (a), we may assume that JF^ 
is homotopy Gorenstein. But now combining Proposition 12.11 (a) with Corollary 11.31 it 
follows that X is homotopy Gorenstein. 

(b) This is just Theorem B of [20\ . 

(c) We adapt another argument of L. Avramov and S. Halperin jlUl (4.1)]. Again, choose 
a factorization (j2.1|) for A ai p E Spec(7roA). For the unit map rj' : {R',m') — > A', let 
Xi, . . . , x„ G m' be a maximally regular sequence which extends to a minimal generating 
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set for keT{ri'). Note that if Xi, . . . ,a;„ fails to generate this kernel, then, by the main 
result of [2], Torf /(^^■•••'^")(7r,A', k{p)) is unbounded. Since we are assuming A is locally 
regularly 2-degenerate, we may assume that Torf'/(^^'-'^")(A',A;(p)) is unbounded. 
Now, for X G ker(?7') a non-zero divisor in R', we have 

Hf{R'/{x) ®^n'i) = D,{R'/{x)\R';k{p)) - k{p){u\ \u\ = 1), 

by m (6.25)]. Thus R' / (x) 0^ k{p) = Sk(p)il) in the homotopy category, by ^ 
(2.1.3)]. Thus, by an induction, using Lemma f2.2t there is a cofibration sequence 

for each 1 < s < n. By the Factorization Theorem and our discussion above, there exists 
an 1 < s < n such that 

(1) Torf/(^'i'-'^»-i)(A,fc(p)) is bounded; 

(2) Torf /(^•i'-'^=)(A,A;(p)) is unbounded. 

Furthermore, by Flat Base Change, the Transitivity Sequence, and our finiteness as- 
sumptions, we also have 

(3) D^{A'\R'/ {xi, . . . ,Xt); k{p)) is bounded for all 1 < t < n. 

Applying Proposition ll.4l (1) and (2) together imply that D^:{A'\R' /{xi, . . . , Xs-i); k{p)) 
is unbounded, contradicting (3). We therefore conclude that ker(?7') = (xi, . . . , x„). □ 

Remark: Proposition 12. II and the Homology Characterization Theorem shows that the 
standard stratified characterization of Noetherian rings 

Complete Intersection C Gorenstein 

extends to our present homotopy setting, yet sensitivity to differences in characteristic 
appear. Nevertheless, we now begin to fill a gap between the main result of 4^, which 
is independent of characteristic, and the main results of [1.9,. 20j. which are valid only 
in non-zero characteristics. In particular, we have the following consequence of part (c) 
of this theorem. 

Corollary Let (p : R —* S be a homomorphism of Noetherian rings with fd/j S" < oo. 
Then Ds{S\R; — ) = for s ^ implies that cf) is a locally complete intersection homo- 
morphism. 
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